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Abstract. In this paper, Hermite polynomials related to quantum systems 
with orthogonal 0(m)-symmetry, finite reflection group symmetry Q < 0(m), 
symplectic symmetry Sp{2n) and superspace symmetry 0{m) X Sp(2n) are 
considered. After an overview of the results for 0(m) and Q, the orthogo- 
nality of the Hermite polynomials related to Sp{2n) is obtained with respect 
to the Berezin integral. As a consequence, an extension of the Mehler for- 
mula for the classical Hermite polynomials to Grassmann algebras is proven. 
Next, Hermite polynomials in a full superspace with 0(m) X Sp{2n) symme- 
try are considered. It is shown that they are not orthogonal with respect to 
the canonically defined inner product. However, a new inner product is in- 
troduced which behaves correctly with respect to the structure of harmonic 
polynomials on superspace. This inner product allows to restore the orthogo- 
nality of the Hermite polynomials and also restores the hermiticity of a class 
of Schr odinger operators in superspace. Subsequently, a Mehler formula for 
the full superspace is obtained, thus yielding an eigenfunction decomposition 
of the super Fourier transform. Finally, the new results for the Sp{2n)- and 
0(m) X S'p{2n)-symmetry are compared with the results in the different types 
of symmetry. 
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1. Introduction 

This paper is concerned with the development of harmonic analysis and the 
related quantum mechanics in superspace (see e.g. [191 HSl HSl [10]) and more 
specifically the Hermite polynomials introduced in that setting (see [18j). 

To fix ideas, let us first consider the quantum harmonic oscillator in R™ with 
rotational 0(m)-symmetry. This system is described by the Schrodinger equation 

V2 2 

(1.1) = 

and is typically solved in two different ways: either one uses cartesian co-ordinates 
or one uses spherical co-ordinates, yielding two types of Hermite polynomials. The 
use of cartesian co-ordinates reduces the problem to m one-dimensional oscillators 
and yields solutions of the type 

m 

(1.2) ijl_k^^HkA^,)...Hk^{x^)e~^'/', i?=^+^fc. 

i=l 

with Hk{x) = (— 1)'^ exp (— a;^)^^ exp (— x^) the one-dimensional Hermite polyno- 
mials. If, on the other hand, one uses spherical co-ordinates, the eigenfunctions are 
expressed in terms of spherical harmonics, yielding 

(1-3) 4m « Lj^'-\r^)Ht'e-^''\ E=^ + {2j + k) 

with the generalized Laguerre polynomials and H^'^ a basis for the space of 
spherical harmonics of degree k. We will adopt the name spherical Hermite poly- 
nomials in this case. Both techniques completely solve the quantum harmonic oscil- 
lator and yield bases {V'fci,...,^^} and {^J.fe,;} of L2[«^,dV{x)) which are moreover 
orthonormal. 

Second, it is possible to restrict the 0(m)-symmetry in equation (|1.1|) to a finite 
reflection group Q < 0(m). The related quantum system is then of Calogero-Moser- 
Sutherland type (see |51) ) and given by 

— + yV' = Eip 

where is the so-called Dunkl Laplacian related to G (see e.g. [37]: [S])- Again, 
this equation can be solved using two types of Hermite polynomials. The first 
type is a generalization of the cartesian type (formula (jl.2p ) and was introduced 
by Rosier (see 53)- The second type (see [5^) generalizes the spherical Hermite 
polynomials (formula (jl.3p ') to the Dunkl setting. (Explicit formulae will be pre- 
sented in section . Again both types of functions form orthonormal bases for 
the weighted L2-space L2{M."^ ,Wi^(x)dV{x)). In this notation, Wi^(x)dV{x) is the 
^-invariant measure in M™. 
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Let us now turn our attention to the problem at hand. Again we make a change 
of symmetry by considering the symplectic group Sp(2n) instead of 0{m) or Q. 
The corresponding quantum problem is now formulated in a Grassmann algebra 
(which can be seen as a purely fermionic superspace). Again, as we will show in 
section |4] and the beginning of section [SJ two bases of this Grassmann algebra exist 
(mimicking the previously discussed bases), which are now orthogonal with respect 
to a canonically defined inner product using the Berezin integral (see ^). 

However, the picture changes dramatically when one considers a full superspace 
with symmetry 0{m) x Sp{2n). Although there still exist two types of Hermite 
polynomials, we will prove that the spherical Hermite polynomials are in this case 
not orthogonal with respect to the canonically defined inner product. As a conse- 
quence, Schrodinger operators for e.g. anharmonic oscillators in superspace are not 
self-adjoint with respect to this inner product, and we also do not immediately have 
an 0{m) x Sp{2n) invariant Mehler formula for the spherical Hermite polynomials. 
Recall that the classical Mehler formula (see e.g. [50]) is given by 

t ^"^'.WM - (.(1 - .-,)-''%.pB£!34£52!±i!l 

k=0 

and connects the one-dimensional Hermite polynomials with the kernel of the (frac- 
tional) Fourier transform. 

Let us thus summarize the main aims of this paper in three questions: 

• Ql: Gan we construct a new inner product in full superspace such that the 
spherical Hermite polynomials are orthogonal? 

• Q2: Gan we restore the self-adjointness of a class of Schrodinger operators 
of anharmonic type? 

• Q3: Gan we obtain an 0{m) x Sp(2n) invariant Mehler formula? 

We will provide a positive answer to these 3 questions. Because it is possible to 
split integration in superspace in radial and spherical parts, the main technical 
difficulty lies in finding a positive definite inner product on the space of (super) 
spherical harmonics. This is the subject of the technical lemmas 15.61 15.71 15.81 and 
15.91 where use is made of the decomposition of harmonics in superspace under the 
action of 0(rn) x Sp{2n) obtained in |16j and of recent results on integration over 
the supersphere (see |10|). These lemmas culminate in theorem I5.12i where the 
new inner product is given. 

The paper is organized as follows. In section [2] we give a brief review of what 
is known in both the case of 0(m) and G < 0{m) symmetry. We focus on the 
5I2 algebra generated by the Laplace operator and the squared length of a vector, 
introduce the two types of Hermite polynomials and discuss their orthogonality. 
We show how they give rise to 0(m) and Q < 0{m) invariant Mehler formulae. 
In section [3] we give the basic notions on superspaces needed for the sequel. We 
start with introducing Grassmann algebras, then proceed to full superspaces and 
discuss the notion of Schrodinger equations in superspaces. Next, in section 3] we 
construct an inner product on the Grassmann algebra and obtain its basic prop- 
erties. We show that the spherical Hermite functions, related to the symplectic 
symmetry, form an orthogonal basis of the Grassmann algebra with respect to this 
inner product. Finally we obtain a Mehler formula for the kernel of the purely 
fermionic Fourier transform. In doing so, we also determine the reproducing kernel 
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for spaces of fermionic harmonics and express them in terms of regularized Gegen- 
bauer polynomials. In section [5] we first discuss in detail where the orthogonality 
of the spherical Hermite polynomials in a full superspace fails. We then proceed 
to construct a new inner product and show that this inner product satisfies the 
desired properties, thus solving questions Ql and Q2. We then discuss how the 
spherical Hermite polynomials give rise to an O^m) x Sp{2n) invariant Mehler for- 
mula, answering question Q3. In section [6] we summarize our results. We present 
in two extensive tables the differences and analogies that exist between the different 
types of symmetries considered in this paper. This also serves as a list of notations. 
Finally, we give several directions for further research. In the appendix we recall 
some well-known facts about Hermite, Laguerre and Gegenbauer polynomials on 
the real line that will be used implicitly throughout the paper. 



2. Orthogonality of Hermite polynomials for 0{m) and finite 

REFLECTION GROUPS 

2.1. Classical harmonic analysis. Harmonic analysis in M™ is governed by the 
following three operators 

m 

< - EC 

1=1 

m 

2 \ ^ 2 

1=1 

m 
i=l 

with Afc the Laplace operator and Efc the Euler operator. The subindex b denotes 
that we are working with bosonic or commuting co-ordinates. The operators E = 
r^/2, F = — V^/2 and = E^ -I- m/2 are invariant under 0{m) and generate the 
Lie algebra s [2 (see e.g. [40]1: 

(2.1) [H, E] = 2E, [H, F] = -2F, [E, F] = H. 

The space of polynomials in M™ is given by Pol — M.[xi, . . . , Xm] and the space 
of homogeneous polynomials of degree k by Polk- We then define the space H'l of 
spherical harmonics of degree k by "H^. = ker n Polk- 

The Schrodingcr equation of the harmonic oscillator is given by the following 
partial differential equation 

(2.2) = 

and has two complete sets of solutions. Using cartesian co-ordinates one obtains 

(2-3) <....,fe,„ = , ==HkAxi)---Hu^{xm)e-^''^ 

with ki G N and with Hk{x) the one-dimensional Hermite polynomials. The energy 
associated to ■0^ fc is given hy E = ^ + ^i- 

If one uses spherical co-ordinates, the eigenfunctions are expressed in terms of 
spherical harmonics, yielding the so-called spherical Hermite functions (see e.g. 
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m 



(2.4) 



y^i42jj!r0- + f + fc) 



-V? - 4r2 + 4E6 + 2mYH, 



(0 
'fc 



where the associated energy is E — ^ + {2j + k) and with j, fc e N. In (|2.4p . {i?^ ^} 
e 1, . . . jdim?^^) denotes a (real) orthonormal basis of "H^, i.e. 



(2.5) / H^^^\0H^,'\0da{0=5i,i., 



with da the unique 0(TO)-invariant measure on §™ ^. 
These functions can be written more exphcitly as 



ro' + f + fc)"^^- ^'^^^fc^ 



with the generahzed Laguerre polynomials. 

Both the sets j.^} and {0^ j, ;} are orthonormal bases of L2(M™, (iF(x)): 



«,...,fc™,<,...,/„)L. = / C...,fe„<,...,„dV^(3i) = 4,h...4„z„ 



with c?y(a;) the Lebesgue measure in R™. 

Recall that the classical Fourier transform is given by 

(2.6) T;{f)^{2'K)-"^ e-'^<^^yJf{x)dV{x), 



i=l 



or in exponential operator notation by 

Again, both sets j,^} and {0^ j, j} act as eigenfunction bases for the Fourier 

transform 

-^~|o«,...,fe„) = (-^)^^-^'"<,...,fc„ 
The Mehler formula for the one-dimensional Hermite polynomials is given by 



I — n ■ V 



fc=0 

If a = — 7r/2 this formula gives a decomposition of the kernel of the one-dimensional 
Fourier transform. For a discussion of this formula, we refer the reader to [S^ or 
|54) . A nice combinatorial proof can be found in [33]. 

There exist several generalizations of this formula. We will discuss the 0{m)- 
and ^-invariant cases in this and the next section. Note that there also exists a 
Mehler formula for the g-Hermite polynomials, see e.g. [7]. 

The one-dimensional Mehler formula has an important property that can be 
deduced from the proof of the Mehler formula in [54] . 
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Lemma 2.1. For any polynomial D in four variables, one has 

J2D{x,y,d^,dy) ^ Hk{x)Hk{y) 
fc=0 '^''^ 

= (7r(l-e )) D{x,y,d^,dy)e^p Y^T^ ' 

The Hermite polynomials are defined as above and the series is absolutely convergent 
for x,y,a £ M. 

One can also construct m-dimensional Mehler formulae. Multiplying m copies 
of the one-dimensional Mehler formula yields 

ki ,...,km 

^ 4e^"(^,y)-(l + e2^")(r2+r2) m 

= {nil-e'nr^e "™ , r^^Y^v"- 

i=l 

As this series is absolutely convergent, we can rearrange terms in the left-hand side. 
Using the fact that the change of basis from {-0^^ fe } to {(j)'^ j, ;} is orthogonal in 
each eigenspace of the harmonic oscillator we obtain 

E e'"'-''^''Ui,j{x)q^l,,{y) = {nil - e'ny^ e' 

This formula can be simplified even further by making use of the reproducing kernel 
of the spaces of spherical harmonics, given by (see e.g. [55] ) 

(2.7) 1=1 

2fc + m - 2 r{m/2) /. ii ,nfc^(m^2)/2 . , £ V 

with C^™ ^'^^ the Gegenbauer polynomial of degree k (see Appendix) and where 
we have homogenized the right-hand side. This yields the 0(m)-invariant version 
of the Mehler formula for every x,y £ R™ and a G R: 

2^ r(, + ra,,. L- (r)i/ {ry)Fkix,y) 

(2.8) ,.^^(^+2+^) 

= (^(1 - e^'")) ' e . 

In this formula only r^, and (x, y) appear, which are three arbitrary real numbers 
satisfying > 0, > and {x, y)^ < r^r^. This leads to the following corollary. 

Corollary 2.2. For every a,b E R+ and c G R with < a^b^, one has 



-\b')Lf^'-\a'){abrG,{^) 
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where 

f_c_\ _ 2k + m - 2 r(m/2) ^(r„-2)/2 
Ha5^ " m-2 2W2 Lb.' ' 

In this way, the Mehler formula has been stripped of its geometrical meaning in 
M™ and is reduced to a statement about orthogonal polynomials on the real line. 
We will need this in the proof of the 0{m) x S'p(2n)-invariant Mehler formula. 

Remark 2.3. Lemma \2.1\ is immediately adapted to the O^m) -invariant case in 
equation i2.8\) or corollary [KM 

2.2. Hermite polynomials related to the Dunkl Laplacian. Denote by (., .) 
the standard Euclidean scalar product in M™ and by r = {x,x}^^^ the associated 
norm. For a E M™ — {0}, the reflection r^, in the hyperplane orthogonal to a is 
given by 

m 

A root system is a finite subset R C K™ of non-zero vectors such that, for every 
aGR, the associated reflection preserves R. We will assume that R is reduced, 
i.e. R n Ka = {±a} for all a E R. Each root system can be written as a disjoint 
union R = _R+U(— 7?+), where R+ and — i?+ are separated by a hyperplane through 
the origin. The subgroup Q C 0(m) generated by the reflections {r^ja £ R} is 
called the finite reflection group associated with R. We will also assume that R 
is normalized such that {a, a) = 2 for all a € R. For more information on finite 
reflection groups we refer the reader to [41]. 

A multiplicity function k on the root system i? is a C/-invariant function k : R ^ 
C, i.e. K{a) — K{ha) for all h E Q. Wc will denote K.{a) by Kq.. 

Fixing a positive subsystem R+ of the root system R and a multiplicity function 
K, we introduce the Dunkl operators Ti associated to i?+ and k by (see [57], |31) 1 

An important property of the Dunkl operators is that they commute, i.e. TiTj = 
T T 

The Dunkl Laplacian is given by — more explicitly by 

with V the gradient operator. 

If we let act on we find A^r^ = 2m + 47 = 2/i, where 7 = X]ae_R+ '^a- We 
refer to /i as the Dunkl dimension, because most special functions related to A^j 
behave as if one would be working with the classical Laplace operator in a space 
with dimension ^. 

We also denote by T-C^ the space of Dunkl-harmonics of degree fc, i.e. — 
ker Ak n Polk- The space of Dunkl-harmonics of degree k has the same dimension 
as the classical space of spherical harmonics of degree k and a basis can e.g. be 
constructed using Maxwell's representation (see [56]). 
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It is possible to construct an intertwining operator connecting the classical 
derivatives dxj with the Dunkl operators Tj such that TjVk = V^dx^ (see e.g. j30|). 
Note that explicit formulae for V„ are only known in a few special cases. 

The operators 

E := ir^, F -^A^ and H + /i/2 

again satisfy the defining relations (|2.ip of the Lie algebra 5(2 , see [57] . 
We further define the Fischer inner product on Pol by (see [55]) 

= (p(T/2)<7)(0), p,qePol 

where p{T) means substituting the variables Xi for Dunkl operators T^. Using an 
analog of a result of MacDonald (see |4^), this inner product can be rewritten as 

(2.9) b, qU = / (e-'^'-^M^)) (e-^-^^ix)) e-^\,{x)dVix), 

with w^(x) = nae_R+ the weight function corresponding to Q and with 

rfft = l^r^er'''^ w^[x)dV{x) (see e.g. [48]). 

Now let {pv , V £ Z™} be a basis of Pol such that Pi, € Vol^^^ (with b| = J2iLi ^0 
and moreover [p^,p^]i^ = 5^^. The 'cartesian' Hermite polynomials related to Q are 
defined as follows by Rosier (see [47[ l48] ). 

Definition 2.4. T/ie generalized Hermite polynomials {H^ , v G Z™} associated 
with the basis {pi,} on are given by 

LIH/2J 

i/,(£):=2l''le-^«/V(£)= 21-^1 ^ L-i^A>.(x). 

Moreover, the generalized Hermite functions on M™ are then defined by 
^f{x):=^j^^H,ix)e-^'/', ^ e Z™. 

Remark 2.5. Similar exponential formulas for Hermite polynomials have been 
given earlier in [1 by Baker and Forrester, following (unpublished) work of Lassalle. 
The Hermite polynomials given in Definition \2.4\ yield the polynomials of T after 
symmetrization. 

When Q is the group or the group _B„, the polynomials in Definition \2.4\ 
include, under a suitable choice of basis {p,^}, the polynomials studied m [5] [5] and 
previously introduced in symmetric version in ,44i i45j . 

The Rodrigues formula for H^, (x) is given by 

H^ix) ^ i-lt^e'-^^me--", 

so if we consider k = and take the standard monomial basis of Pol we reobtain 
the cartesian Hermite polynomials for the orthogonal case. 

Using formula (|2.9I) we immediately obtain that the set [tp]^} forms an orthonor- 
mal basis of the weighted L2-space L2{M."^ ,WK.{x)dV{x)) : 

/ ^'!^i^w,{x)dV{x) - S,,,. 
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The related quantum system in this case is given by the following PDE with 
difference terms 

(2.10) + 

which is a so-called Calogero-Moser-Sutherland system (with harmonic confine- 
ment). For a review of this type of quantum systems we refer the reader to [511148) . 
If Pi, is a homogeneous polynomial of degree \i>\, then the associated Hermite func- 
tion is a solution of (|2.10|) with corresponding energy E = fj,/2 + |^| (see [471 ) . 

It is also possible to introduce a generalization of the spherical Hermite functions 
related to the Dunkl Laplacian (see a.o. [29l|4] or [12] for an approach using Clifford 
analysis). They are defined as follows 

1 



(2.11) ^ " (-A, - 4r2 + 4Eb + 2Ai)-'i/f 



2 

with associated energy E = ^ + (2j + k) and where j, k £ N. In this notation, 



{Hj^^}, I G 1,. . . jdim'Hl', is a (real) orthonormal basis of HJ^ satisfying 



-1 

More explicitly, they are given by 




The set of functions {<pfk /} fig^in forms an orthonormal basis of the space (R™ 7 Wf^{x)dV{x)), 



I.e. 



There exists a Fourier transform related to the Dunkl Laplacian (see [29l I21| ). 
This so-called Dunkl transform : L^iK^ ,Wii{x)dx) — > C(R™) is defined as 
follows 

J^Jiy) := / f{x) D{x, -zy) w^{x)dV{x) {y G M") 



with Ck = /jjm e /'^WK,{x)dV {x) the Mehta constant related to Q and where 
D{x,y) is the Dunkl kernel. This kernel is the unique solution of the system 

Ti,xD{x,y) = yiD{x,y), i^l,...,m 

which is real-analytic in M™ and satisfies K{0, y) — 1. For general reflection groups 
this kernel is not explicitly known. There also exists an operator exponential ex- 
pression for the Dunkl transform 

as has been studied in-depth in fJ. Note that both bases {V'J'} and {(ffki) are 
eigenfunctions of the Dunkl transform, i.e. 

■^«(^?) = i-^r^i^v 

For the first basis this was obtained in [47] , for the second basis in [29] H] . 
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A Mehler formula for the 'cartesian' Hermite polynomials related to G was ob- 
tained in [47], Theorem 3.12. It states that, for u eC with |u| < 1 and all x,ye K™, 
the following holds 



2UX \ l + t*^^ I 2) 



Going over to the basis {(ff^ /} we then immediately obtain 



Note that when k = 0, then ~ tt™/^ and the formulae reduce to the formulae in 
section [2.11 The last formula can be simplified by using the explicit expression of 
{^fk i) terms of generalized Laguerre polynomials and Dunkl harmonics. Then 
one can apply the reproducing kernel for T-L^ : which is again given by a suitable 
Gegenbauer polynomial, see [55], as 

rr(0/ /I \\tt(i)i /I |^ 2fc + /i-2 T{n 2) 
2^ Hl'{x/\x\)Hl'{yl\y\) = 



1=1 



II - 2 2(i-A')/2c^ 



with Vk the intertwining operator. Homogenizing this reproducing kernel then leads 
to a similar formula as (12. 8p . which is now t^-invariant. 



Remark 2.6. In [42i 143) and the recent preprint [5], the role played by Mehler type 
formulae for orthogonal and finite reflection group symmetries is further elucidated, 
for radially deformed operators still satisfying the defining relations o/sb. 



3. Harmonic analysis in superspace 

3.1. Grassmann algebras. Consider the complex Grassmann algebra A2„ gener- 
ated by 2n anti-commuting generators Xi satisfying XjXk = —XkXj. An arbitrary 
element / £ A2„ can always be written as / = J^a J ax a with 
A — (ai, . . . , a2n) S {0, 1}^" and /a € C. The dimension of A2,i as a C-vectorspace 
is hence 2^". A2„ decomposes as 

A2n = 0^2n 

with Af„ the space of homogeneous elements of degree k. 

Introducing 9^ — — X]j=i X2j-iX2j and the so-called fermionic Laplace operator 
Vy- = —^Y^=i (^2;2j-i^a;2j ; have the following decomposition of A2„ (see [l6]): 

n / n—k 

(3.1) A2„ = 0e^^H{ 

k=0 \j=0 

where is the space of fermionic spherical harmonics of degree fc, i.e. "H^ = 
kerV^ n A^„. The dimension of %{. is given by (^^") - Q^^- Formula (jnH]) is the 
decomposition of A2„ into irreducible pieces under the action of Sp{2n) (see [l6]). 
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The fermionic Euler operator is given by E/ = X]^"i ^"j^^fj and satisfies the 
equation 

(3.2) [y%0^] = AEf-An. 

We also have [V^,E/ - n] = 2Vj and [9^,Ef - n] ^ -26'^ so the SI2 relations 
from both the orthogonal and the Dunkl case extend to the Grassmann case. It 
is moreover easily seen that 9"^ , ^^'^ ~ ^ ^^^^ invariant under the action of 

Sp(2n). So we have obtained a change of symmetry from either 0{m) or Q < 0{m) 
to Sp{2n). 



Remark 3.1. In previous papers the notations — '"^'^ 



-2 _ _/)2 



were 



used. 



We have the following important lemma concerning the action of the Laplace 
operator (see [19], Corollary 2). 

Lemma 3.2. Let iJj. G . Then for j < n — k one has 



with 



0, i> j 

j\ {n + i — j — ky. 
(j-i)! (n-j-k)l 



The fermionic Gaussian function is given by the finite Taylor expansion exp(— 0^/2) 
EjU(~l)^^^V(2^j!)- We consider a basis H^^^ of "H^. The functions 

^ik,i =(-V^ -e^ + 2E- 2nyH'i^ exp(-0V2) 



(3.3) 

3 



2^^ jlLj"+^'\9^)Hj!hxp{-9^ /2) 



for j = 0, . . . ,n — k] k = 0, . . . ,n and I — 1, ... , dimH^ and with the general- 
ized Laguerre polynomials, are the so-called fermionic spherical Hermite functions 
(see [TS]). They constitute a basis of A2„, which follows immediately from the 
decomposition p.ip . 



Note that it is possible to explicitly construct a basis of h(. by decomposing this 
space under the action of the subgroup 5^(2) x Sp{2n — 2) of Sp{2n). This leads 
to the following theorem. 

Theorem 3.3. If 1 < k < n, then the space 'H^(a;i, . . . , X2„) decomposes as 

Ulixs, ■ ■ ■ ,X2n) © 'Hi{x\,X2) ®Hl_i{x3, ■ ■ ■ ,X2n) 

1 1 f 

X\X2 + T 7-{x3X4 + . . . -I- X2„-lX2„) 'Hl_2{x3, . . . , X2n) ■ 

The integration we use on A2„ is the so-called Berezin integral (see [6], |19)). 
defined by 

Jb.. 4"n! ^ 
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3.2. Full superspace. Next we consider a general superspace, with m commuting 
and 2n ant i- commuting variables. The space of polynomials is then denoted by 
V = M.[xi, . . . , Xm] <E) h.2n- The full Laplace operator is given by 



and the generalization of is 



1=1 



Remark 3.4. In previous papers the notations 



B?' and A = — were used. 
We can introduce a 



The super Euler operator E is given by E — E;, + E/ 
dimension parameter, the so-called super-dimension, by 

The operators E = F = -\/'^/2 andH = E + M/2 again satisfy the defining 

commutation relations of s[2 (see formula (|2.ip ). although the symmetry of the 
operators is now given by 0{m) x Sp{2n), see . In particular 

(3.4) [VV2, i?V2] = E + A//2 

holds. The symmetry group is realized as the matrices A e ]]j("i+2n)x(»"+2n) -y^rhich 
satisfy A^GA^G with 



(3.5) 
and 



G = 



/ 1 

-1 














J = 







V 



1 

-1 0/ 

The action of 0{ni) x Sp{2n) on superfunctions is then given by 

(3.6) A/(x) = /(A^x). 

The space "Hk of (super) spherical harmonics of degree k is defined by T-Lk = 
kerV^ n T'fc, with Vk the space of homogeneous polynomials of degree k. If the 
super-dimension M = m — 2n is not even and negative, we have the following 
decomposition of V 



oo oo 



(3.7) 



j=0 k=0 



fe=0 



This decomposition is closely related to the Howe dual pair (osp(m|2ri), s[2). Each 
subspace R^'''Hk is an irreducible sb-representation, the weight vectors are 

R^^Hk- The blocks R^^Hk are exactly the irreducible pieces of the representation 
of osp(m|2n) on V when M > 0. see [57]. 
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There exist explicit projection operators for the decompositions p.ip and p.7|) . 
satisfying 

They were constructed in [TB] (see also [H]). More specifically, Pg is given by 

with (a)j = a(a + 1) • • • (a + J — 1) the Pochhammer symbol. 

We can again introduce the spherical Hermite functions, and they will now form 
a basis of 7^exp(— r^/2). Because exp(— 6*^/2) is an invertible element of A2„, we 
have 

7'exp(-rV2) = "P exp(-rV2) cxp(-6'V2) = "P cxp(-i?V2). 
If we now consider a basis H^^'' of Hfe, then the functions 

Vj,k.i - (-V2 - i?2 + 2E + M)Ji/f ) exp (-i?V2) 

with J, fc e N and / — 1, . . . , dimH^, are the so-called spherical Hermite functions 
in (full) superspace (see [H]). They constitute a basis of P exp(— _R^/2) when 
M ^ — 2N, which follows immediately from the decomposition p.7p . In terms of 
classical orthogonal polynomials the functions V'i.fc.i ^-re given by 

(3.9) <p,- = 2''j\Lf+'-\R')Hi'^ exp (~i?V2) 

with the generalized Laguerre polynomials (see [IS], theorem 8) when M ^ — 2N 
or when m = 0. In the limit n ^ 0, the spherical Hermite functions p.9p reduce 
to the purely bosonic spherical Hermite functions (see [49] or formula (|2.4p ). The 
spherical Hermite functions satisfy 

(3.10) (V' + i?2 + 2E + M)(p,^k,i = ~8j{2j + M + 2k- 2)^j^i^k,i 
for all (to, n). 

If we gauge and (V^ + i?'^ + 2E + A/) with the generalized Gaussian, we obtain 

(3.11) exp(i?V2)V2 exp i-R^/2) = + -2E-M 
and 

(3.12) exp(i?V2)(V2 + R^ + 2E + M) exp {-R^/2) = V^. 
In the full superspace, lemma takes the following form. 

Lemma 3.5. Let Hk G Ti-k and M <^ — 2N. Then for all fc G N one has 

I 0, i>j 

with 

_ , j! r(fc + M/2 + j) 

""^'^'"-^ U~^y.^{k + M/2 + J^^y 
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The integration we use on a full superspace is defined by 

(3.13) / = / dV{x) f = f f dV{x). 

The Schwartz space in superspace is given by S{M.™)m\2n — 5(R™) (g) A2n- In 
a Fourier transform in superspace was introduced for / £ iS(R'"),„|2n by 

•^™|2J/) = (2^)"* / exp(±z(x,y))/(x) 



with 

m 1 ^ 

(3.14) (x, y) x,yi - - ^{x2j-iy2j - X2jy2j-i) = {x, y) + (f , y). 

i=i j=i 

In this notation, Xi and generate a Grassmann algebra A^n- In particular, Xi 
and ijj are mutually anti-commutative and (x, y) is symmetric. 

Note that this Fourier transform can also be defined as the operator exponential 

(3.15) ■F:|,„ = e^^e±^(-v^+«\ 

The super Fourier transform satisfies similar properties as the classical bosonic 
Fourier transform defined in (|2.6p . The inverse of is given by J-'^ , i.e. 

The Fourier transform of the spherical Hermite functions is 
J-±l,„(^,-,.,Kx)) = (±*)2^+^-^,, fe,(y). 

The extension of the Fourier transform from 5(R™),„|2,i to L2{R™)m\2n = i2(R'") 
A2n is trivial because clearly T^^^^ = J-^^ o J-±2„. 

When M ^ —2N or when m = 0, we define the fractional Fourier transform 
■^m\2n '-'^ S{1S.™) (g) A2n, by its actiou on the basis functions (see |13)): 

(3.16) -^™|2J^.,fc,Kx)) - e-(^^"+'=)^,,fc,(y), 

where a G [— 7r/2, 7r/2]. The fractional Fourier transform thus rotates the basis 
functions over a multiple of the angle a. In the limit case a = ±7r/2, the fractional 
Fourier transform reduces to the ordinary Fourier transform. We have the following 
integral representation (see P^, theorem 12). 

Theorem 3.6. On 5(R™),„|2,i, the fractional Fourier transform is given by 

f 4e*"(x,y) - (1 + e2»")(i?2 +i^2) 

•^m|2„(/W) = C / exp ^/(x). 



with c = (7r(l - e2»")) 



-M/2 



Remark 3.7. Note that the sign convention we use in the definition of the Fourier 
transform (see formula J^.i^l ) ) is slightly different than the one used in |13j . 

Finally, we repeat some important facts about spherical harmonics in superspace. 
For proofs we refer the reader to [IB] . 
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Lemma 3.8. If < q < n and < k < n — q, there exists a homogeneous 
polynomial fk,p,q — fk,p,q{r'^,Q'^) (unique up to a multiplicative constant) of total 
degree k such that fk,p,qT~i^p ®T~i{ 7^ and '^^{fk.p.q'Hp ^T-Lq) = 0. This polynomial 
is given explicitly by 



fk,p,q ^ ^ 



^2k-2sQ2s 



5=0 



k\ {n-q-s)\ r(f+p + /c) 



sJT{^ + p + k- s) {n-q-k)\ 



In particular /o,p,g = 1 holds. To simplify the subsequent formulas, we have used 
a different normalization of the fk,p,q as in |16| . Using these polynomials we can 
obtain a full decomposition of the space of spherical harmonics of degree k. 

Theorem 3.9 (Decomposition of 'Hk)- Under the action of SO{m) x Sp{2n) the 
space Hk decomposes as 

min(ri,fc) min(Ti— j, [^^^J ) 
3=0 1=0 



with fi,k-2i-j,j the polynomials determined in lemma lSTSi 

The integration on superspace p.l3p for to 7^ is linked with an integration over 
the supersphere defined by the following Pizzetti formula (see [l9l I16j ): 



o~M/2 



The supersphere is formally defined as the algebraic object — 1 = 0. It can be 
proven that p.l7p is, up to a constant, the unique linear functional on V satisfying 
Iss ~ Iss '^liich is invariant under the group SO{m) x Sp{2n) and which 
makes spherical harmonics of different degree 'orthogonal' (see [TB], [ID])- In fact, 
this orthogonality condition can be made even stronger (see [16], theorem 8): 

Theorem 3.10. One has that fi,p,qHl (E)n( ± fj.r,s'H^ (E) %{, meaning 

{f^..p..qK<E>ni) {f,.r,Ml®Hi)^Q 



I ss 

with respect to the Pizzetti integral, if and only if {i,p,q) ^ (j,r,s). 

In case M ^ — 2N, for Pk a homogeneous polynomial of degree k we also have 

(3.18) / P,exp(-i?2) = lr(^) / Pk. 

JM™|2" ^ ^ Jss 

Finally, the supersphere integration given by p.l7p can be extended to more general 
(non-polynomial) functions as follows (see Hir, theorem 8) 



(3.19) / / - E / 

j=0 



ss t^Js'"'^ Ib i- 
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3.3. Schrodinger equations in superspace. Schrodinger equations in super- 
space are equations of the type 

(3.20) - —i) + Vil: = E^ 

with wave function ^ € i2(I^™)m|2n ^-nd the energy E a complex number. For more 
background on Schrodinger equations in superspace and supersymmetric quantum 
mechanics, see e.g. [13 UHl 1121 123 UHl ISl US] ■ The potential V is expressed in 
terms of commuting and ant i- commuting variables. In the case m = this is a 
purely algebraic eigenvalue problem. When m 7^ 0, equation (j3.20p is equivalent 
with a system of PDEs, as can be observed by expanding 1}} in the anti-conimuting 
variables. 

Several authors have studied explicit examples of such Schrodinger equations. 
The (purely fermionic) harmonic oscillator was studied in |33) . Anharmonic ex- 
tensions were studied in [32j [24j [25] . In [57] the hydrogen atom in superspace (or 
quantum Kepler problem) was studied using Lie superalgebra techniques. Also the 
delta potential has been studied, see [T5] . 

In this paper we consider general potentials of the form V{R^), with V a polyno- 
mial. The simplest case is then the harmonic oscillator described by the hamiltonian 

(3.21) H = + i?^) = E «»^«r + E + v 



i=l i=l 



with 



the bosonic and fermionic creation and annihilation operators. The spherical Her- 
mite functions defined in (|3.9p form a basis of eigenvectors of H for V cxp(— i?^/2), 
satisfying (see [TB] ) 

(3.22) fe,/ = (y + (2j + k)\ 



4. Hermite polynomials in Grassmann algebras 

4.1. Inner product on a Grassmann algebra. We first define two vector space 
isomorphisms of the Grassmann algebra A2n. 

Definition 4.1. The transformation ~ : — ^ A2„ is a linear transformation 
defined by 

X2i 

-X2i-1 

ba, a,b £ K2n- 



X2i-l = 
X2i = 

ab = 



This transformation satisfies the following property. 
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Lemma 4.2. For each B E Sp{2n), define D e Sp{2n) as D ~ J^BJ (as matrix 
multiplications). The transformation~ intertwines with the action of Sp{2n) in the 
following way: 

~oB = Do~. 



Proof. For a monomial xa — Xi-^ ■ ■ ■ Xi^ , definition 14.11 yields 



XA — Jiiji ' ' ' Jikjk^j, 

31,- ■■ dk 



The definition of the action of Sp{2n) in formula (j3.6p implies 
Bxa — ^iiii ' ' ' Bj^i^Xj-^ ' ' ' X' 



3k ■ 

31,- ■■ ,3k 



Combining these transformations yields 

Bxa = ^ Sjiii • • • Sjfcifc ^ Jjih ■ ■ ■ Jskik^ik ■ ■ ■ 

3i,--- ,3k h,--- ,h 

and 

Dxa = Jiiji ' ' ' Jikjk ^hji ' ' ' ^Ikjk^lk ' ' ' ^h- 

ji,--- ,3k h,--- ,lk 

For the last two expressions to be identical, DJ^ = J^B needs to hold, which is 
equivalent with D — J^BJ. □ 



Definition 4.3. The star map * maps monomials x;a — a; • • ■ a^2n" degree k 

^2n 



to monomials *xa = ±2*^' "xj . . -a^^n"^" ''Z degree (2n — k) where the sign is 



chosen such that 

Xa{*Xa) = 2''~"x\ . . . X2n- 

By linearity, * is extended to the whole of . 

It is easy to check that * * ~ {—1)''^''^^^^^xa, so * behaves very similarly 
as the Hodge star map acting on the space of differential forms on a Riemannian 
manifold. Because the dimension (— 2n) in our case is always even, we obtain 

**XA = {~1)''XA = XA. 

Note that * and 7 are vector space isomorphisms on A2n. It is also easy to check 
that 7 leaves T-lj, invariant. 

Using the star map we define the following inner product on (where we use 
the bra-ket notation for convenience): 

Definition 4.4. The inner product (.|.) : x — > C is given by 

JB,x 

with ~ the standard complex conjugation, f — J2a /ax a and g = J2a9axa- 
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This inner product, in a different formulation, was also used in [26]. When we 
will introduce new inner products in superspace (see section [5]) , we will use the 
notation (.|.)a2„ for the inner product in definition UU] to avoid confusion. The fact 
that (.|.) is an inner product follows immediately from the last expression in the 
definition. This immediately implies the following lemma. 

Lemma 4.5. If for p G it holds that J^pq = for every q € A2n, then p = 0. 

Proof. Using the fact that the star map is an isomorphism, J^pq = for every q 
g implies 



pi*p) = = {p\p). 

B 

This is only possible when p = 0. □ 



It is easy to see that any inner product on the Grassman algebra can be 
written similarly to definition 14.41 as {f\g) = J2a b fAPAB^B with P a hermitian 
positive definite 2^" x 2^" matrix. This is an inner product of the form Jg ^ 
with $ a different isomorphism on the Grassman algebra. 

The inner product in definition 14.41 is not covariant as the classical bosonic inner 
product Jg„ f'gdV{x), because the star map does not behave covariantly for trans- 
formations with determinant equal to one. However, it can be shown that there are 
no covariant positive definite inner products on A2n. Before doing so, we reobtain 
the well-known fact that the Berezin integral itself does behave covariantly. 

Lemma 4.6. Let A be a transformation on the generators of the Grassmann algebra 
given by Xk = X]j=i ^kjVj- Then one has 

fW) ^ I /(^-l) = dct(A) / fix). 

B,y JB,y Jb,x 

Proof. The transformation preserves the degree of /, so we only have to consider 
the case f{x) = xi . . . X2n- Because of the anticommutation rules we immediately 
have f{x{y)) = det{A)y\ . . . y2„. As Jg ^ is defined by TT'^'dy-^^ . . . dy-^, the lemma 
follows. □ 



So for transformations with determinant one the integration is independent of 
the choice of coordinates. 

Remark 4.7. From the calculation above it is clear that the Jacobian determinant 
appears on the other side in comparison to the bosonic case. Therefore, the above 
formula for substitution in the Berezin integral is usually written after multiply- 
ing both sides with l/det(yl). The factor l/det(A) is then called the Berezinian 
(see the fermionic equivalent of the Jacobian. In general the Berezinian is a 
superdeterminant, but in the purely fermionic case this is equivalent to the inverse. 

Proposition 4.8. There are no inner products on the Grassmann algebra A2„ with 
the property that 

{fmgii)). = {f{m\9{m))v 

for transformations A as in lemma with det (A) = 1 . 
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Proof. We already mentioned that every inner product on the Grassmann algebra 
is of the form 

(/I.9) = '^fAPABgs, 

AM 

for some hcrmitian positive definite 2^" x 2^" matrix P. Now we only consider the 
case with / and g homogeneous of degree one. Then we get a submatrix of P, the 
hermitian positive definite 2n x 2n matrix Q. For the inner product to be covariant, 
Q has to satisfy R^QR = Q for every matrix R with determinant one and with 
the hermitian conjugate. Basic linear algebra shows that such a non-zero Q does 
not exist. □ 

Proposition 14. 81 can be made even stronger. By similar arguments one can show 
that there are no inner products on the Grassmann algebra which are invariant 
under symplectic transformations. In the subsequent proposition 14. 1 71 the behavior 
of the inner product with respect to the symplectic group will be studied. 

Now we derive the properties of the inner product given in definition 14.41 We 
start with the following lemma, which shows that the adjoint of Xj is given by the 
usual adjoint in supersymmetric quantum mechanics. 

Lemma 4.9. The adjoint of d^j with respect to the inner product (.|.) on 

is given by Xj/2. This property determines the inner product uniquely, up to a 

multiplicative constant. 

Proof. We need to prove that {d^-f\g) = {f\^g). Due to linearity, it suffices to 
take / — axjXA, g — bxA with a, 6 G C. Then 

{d.'Jlg)^ [ axA{*bxA)^^2\^^ab 

Jb,x ^ 

and on the other hand 

ifl^jg) = / aXjXAi^bxjXA) = — -2l^l+ia6, 
Jb,x ^ 

proving the first part of the lemma. Now suppose we have a different inner 
product on A2n, (.|.), for which the same property holds. For two monomials 
xa = Xi^ ... X2n" of degree k and xb = a;f ^ . . . x^^" of degree I (with k > I) we 
find 

{xa\xb) = 2''il\dgl-...d^^^XB). 

Now, d^^" . . . d^^XB is zero when fc > /, or when k = I and xa 7^ xb. This means 
that we find {xa,xb) — when B and (2:^,2:^) = 2''(1|1), which corresponds 
to definition |4JJ □ 



Contrary to the bosonic L2 inner product, dx'j is defined on the entire space A2n, 
which simplifies the notion of an adjoint operator. For the sequel, we need the 
adjoints of the generators of the sl2 algebra. 

Corollary 4.10. With respect to the inner product (.|.) on A2„ the adjoints of (P' , 
and E/ — n are given by 

{ey ^ -V% = {Ej n)t = [Ef - n). 
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Proof. The first two adjoints follow immediately from the previous lemma, e.g. 
{x2j-iX2jy — ^2j^2j-i ^ ^^d^2j-i(^x2j- The last one follows from the first two 
and formula (13.21): 



□ 



(E, -n)t = l[Vley = \[{0y,{y})'] = ^[-V^,- 



Recall that the hamiltonian of the fermionic harmonic oscillator is given by (see 

H = {-\7j + 9^)/2. 

Using corollarv l4.10l we immediately obtain that H is self-adjoint, hence a notation 
such as {f\H\g) makes sense. 

It would of course be preferable to have an inner product for which {d'^Y = 0^ 
and (Vj)^ = V^, similar to the bosonic L2 inner product. With such an inner 
product other hamiltonians would be hermitian too. An interesting class of relevant 
hamiltonians, as already indicated in section [3731 is of the form Af /2 + V{6'^), with 
V a polynomial. Several examples have already been studied in [32l [241 El]. It is 
however easy to see that such an inner product does not exist. 

Proposition 4.11. There are no inner products on the Grassman algebra A2„ for 
which (6l2)t = 0^. 

Proof. If multiplication with 9^ is a hermitian operation then 

(6|2"|6'2") = (6|2"-2|6)2"+2) =0 
as 6/2n+2 _ Q_ jjgjjce (.|.) is not positive definite and thus not an inner product. □ 

This proposition does not really form a limitation for negative dimensional quan- 
tum mechanics per se, as can be seen from the isotropic anharmonic oscillator. In 
[52] it was calculated that the eigenvalues for the hamiltonian H = — + 9^ — 
(with A real) can be complex. Such a hamiltonian can therefore never be hermitian 
with respect to an inner product. 

We now investigate the action of the star map in more detail. Therefore we first 
state some useful properties of the Berezin integral. 

Lemma 4.12. If h £ and f,g £ ^2n, then the following relations hold 

(0 / id.~J)h^i-l)''' I fd^.h {ill) [ {9'f)g= [ f9'g 
Jb Jb Jb Jb 



(") / (Vj/)g = / f^jg M / mf - n)f)g = - / f{Ef - n)g. 

JB JB JB JB 

Proof. The first property follows from Jg d^. = and the fact that we only have 
to consider / of degree 2n — A; -I- 1. {ii) immediately follows from [i). {Hi) is trivial 
and {iv) follows from [ii) and {Hi) by equation p.2p . □ 



Using the previous lemma we obtain the following calculation rules for the star 
map. 
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Lemma 4.13. If f E A§„ and g e A2n, then the following relations hold 
(z) * x,f = (-l)'=2a,. * / {iv) * e^g = -V)*g 

* V^.g = -6|2 * g {vi) * 1 = — f i . . . f 2n = ^„^, • 

Proof. The proof follows easily from the lemmas 14. 5[ 14.91 and 14.121 As an example 
we prove {i). For every g e A2„, we have 

= 2(-i)2"-fc / * /). 

J B 

This implies (i) by lemma l4?5] □ 

Now we will calculate the action of the star map on the spherical Hermite func- 
tions defined in (13. 3p . We start with two auxiliary results. 

Lemma 4.14. For G the following holds: 

^ (^_Y^n—kQ2n—2k 

Proof. We prove this lemma by induction on n. For n = \ the result is trivial. 
If it holds for n — 1, then theorem 13.31 provides us with a useful basis for "H^ in 
A2n- We take A2n-2 the Grassmann algebra without xi and X2 and put ^2ri-2 ^ 
— X)J=2 ^2j-iX2j- Using definition 14.31 we find that for a monomial xa G A2,i-2 of 
degree fc, *„Xyi = (*„_iXyi)^^J^. By linearity this holds for every element of A2„-2- 
In theorem 13.31 there arc 3 different types of spherical harmonics. For the first type 
(namely Hk E hIIxs, . . . , X2n)) we find, using the induction hypothesis, 

*nHk = (*„-li/fe)^— 

^ fr (.-IJ 0'2«-2 XiX2 

fc 2n-/c-l(„_^_l)! 2 

~ (^ — \'^i^~k02n—2k 

Indeed, we have 

/ ^ ^ I n2 \n—k /)2n— 2fc / l \ ^ ^ ri2n—2k—2 

{~XiX2 + 02„_2) =6'2„_2 ~ [n - k)xiX2 0^„_2 

and HkOl^zl^ = because of equation (|3.ip . 

For the two other types the lemma follows from the result for the first type and 
the calculation rules in lemma 14.131 □ 

Lemma 4.15. For all Hk E Til and for i + k < n one has 

n2n-2k-2i _ 

«*^^'^^-(-^)""^2^^'2™(;r3i^^^ 



(li) * Hk exp{~e'/2) - Hk cxp{-e'/2) 
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Proof. Using lemma [321 lemma 14.131 and lemma 14.141 we obtain 

n2n-2k _ 

^e'^'Hk = (-l)'+"-'=V?' —Hk 

( {n-ky. {n + t-k-n + ky. g2»-2fc-2. 

^ ' {n^k-iy {n-k-n + ky 2"-fe(n-fc)! 

jj Q2n-2k-2i _ 

^\n-k-iy 2»-fe ^'^^ 



This proves the first formula. Using this result we then have 

2HI 



n—k ^ 



i=0 



f^_Y'^ri—k—i02n—2k—2i ^ ^—^pp ~ 

i=0 ^ ' j=0 •' 



□ 



We can now explicitly state the action of the star map on the spherical Hermite 
functions defined in 



Theorem 4.16. If H^^^ e and j + k < n, then the following holds for the ^p^^ ^ ^ 



defined in equation i3.3\) : 

*L-"+fc-i(6»2)ijW exp(-e'V2) = (-l)JL7"+'''^i(6|2)#f ) exp(-6lV2). 
Proof. This follows from the lemmas [4.131 and 14.151 (ii) as follows 

= *(-V^.-6|2 + 2E-2n)^i/*:''cxp (-612/2) 

= {0^ + - 2E + 2ny * Hj!'' exp {-0'^/2) 

= (-ly (-V/ - + 2E - 2nyHl!'^ cxp{-e^/2) 

= {-iy2^' j\L-'^+^-\e^)H'i^ exp(-6iV2). 



□ 



Although the inner product is not invariant under the symplectic group, it does 
behave canonically with respect to it. 

Proposition 4.17. For f,g & and A G Sp{2n), with action as defined in 
formula i3.6]} . the following relation holds 

{Af\g) = {f\A^g), 

which implies — A'^ , with the matrix transpose of A. This is equivalent with 

{AJflJAg) = {f\g), 

for all A e Sp(2n). 
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Proof. Lemma [42] and 14.151 imply that *Ag = (J'^AJ) * g for ^ e Sp{2n). This 
implies that 



{iAJ)f\{JA)g) - / {AJf)i*{JAg)) 

{AJf){AJ*g)= I AJf{*g). 



Lemma 14.61 then yields 

{{AJ)f\{JA)g)^detiAjf I f{*g)= I f{*g), 



since det^ = 1 for all A G Sp{2n). It is easily checked that the map A — >■ AJ 
is a bijection of Sp{2n). Since for A G Sp{2n), the relation (AJ)^^ = {J^)'^ 
holds, the claim {AJf\JAg) = {f\g) for all A e Sp{2n), is equivalent with stating 
{Af\g) = {f\A^g) for all A € 5p(2n). □ 



4.2. Orthogonality of the spherical Hermite polynomials. Now choose a 

rf^}, Z = l,...,dimH{ of Hi 



(real) orthogonal basis {i?^'-*}, Z = 1, • ■ • , dimH^ of Hj. such that 



(4.1) (iff eM-O'/mi'^ exp(-0V2)> = 

A straightforward calculation shows that this is equivalent with 

^ ' ^ ' ' " 2«-^(n-/fc)!' 

Using this basis, we consider the spherical Hermite functions (p^f^ ^ defined in (j3.3l) . 
These functions are eigenfunctions of the harmonic oscillator (see p.22p ). which 
immediately implies 

whenever 2j + k^2p + q. This can be generalized as follows. 

Theorem 4.18. The spherical Hermite functions defined in equation IS.3\} . using 
a basis of fermionic harmonics satisfying i4.1\ l, are orthogonal with respect to the 
inner product (.|.) on A2„; 

f 42Jii 

Proof. Without loss of generality we assume j > p. Using equation p.3p . corollary 
14.101 and equation (|3.10p and we obtain 

= {Hi'^ expi-ey2)\{V} + e' + 2E- 2n)^"^/ 

= ^^p t'-rr!v <^^" exp(-^^V2)K' ^M-d'm. 
[n q J). 

Because 7?^^'^ exp(— 6*^/2) and iJg*^^ exp(— 0^/2) belong to a different eigenspace of 
H ii k ^ q and because of (|4.ip . we get the desired result. □ 
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Denoting the normalization constants 7^^, = {fjkilfjki) ~ (n-k-jy. have 
that the set of functions (pji^i ~ V^j k 1/ \f~ifk satisfies 

{'t>ik,Mi,q,r) = SjpSkqSlr. 

FinaUy, we wiU need the foUowing coroUary. 

Corollary 4.19. For Hk E %{ and Hi E Uf with k ^ I and p{9'^) and q{9'^) 
polynomials in , the following holds 

{p{0')Hk\q{9^)Hi)=O. 

Proof. Since p{6^)Hk G span{(pjj, Jj < n ~ k,l < diniH^}, theorem 14.181 implies 
the corollary. □ 

4.3. Mehler formula. Now we have all tools necessary to obtain a Mehler formula 
in the Grassmann algebra A2n- Let f{x) be an element of A2n- Then it can be 

decomposed as /(f) = Y.j,k,i "'J,k,i4'ik,ii-^ '^^^^ '^i-^-^ ^ if\^'j,k,i)- We calculate the 
fractional Fourier transform of /, defined in formula (I3.16p . as 



I mY.<^ikdiiiy''^''^'UikAy) 

[ E <4k,My''^''^'UikAy)fi^)- 



Comparing this expression with the integral representation of the fractional Fourier 
transform in theorem 13.61 (and using lemma 14. 5p yields the Mehler formula for 
Grassmann algebras: 



Y.<'t>ikjMy''^''^'^'t>ikM 

j,k,l 

4e»(f,y)-(l + e2-)(02 + 02) 
= (^(l-e^-)) exp ^^2» =- 

with k ~ 0, . . . , n; j = 0, . . . ,n — k and / = 1, • ■ ■ , dim'H{. As this is a finite 
summation, there is no question of convergence. Using theorem 14.161 the left-hand 
side can be rewritten as: 

^(^4^.(,,)2i(-«+'=-l)(^,2)^W(^^),.«(2,+.)^(-^ 
j-k.l '^j,k 



e s 

obtain an explicit expression for this sum. 



In this expression there is a summation Hf, {x)Hj^ (y). This summation can be 



f 

interpreted as a reproducing kernel for the space Tii. In the fohowing theorem we 
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Theorem 4.20. The function Fk{x,y) — J2i Hl!\x)Hj;^^\y) is given by 

(4.3) F,(f , y) = £ c)-((f , y))''-''e'^9l^ 

3=0 

with constants = 2^~'^^ -k"^ j-, — „ ■\^^,^~^\ - , m ■ 

Proof. We consider an element ot{x_, y) of the Grassmann algebra A4„ generated by 
{xi, X2t - ■ ■ , 2/ij ■ ■ ■ 7 2/2n} which is harmonic, homogeneous of degree k in both 
X and J/ and which satisfies 

(4.4) {a{x,y)\H^;\y))y- ^^^^ ^'^^ 



'{n — k)l 



The harmonicity implies that a has to be of the from t^^itH^'p {x)H^^\y) for 
some constants cu- Formula (|4.4p then implies c;t = so a is unique. This means 
Fk is uniquely determined by these properties. 

On the other hand, for any Rk S ^2n{y) of degree k we calculate, using lemma 

m 



{{x.y)''\Rk{y))y - ^5I^^^-<<3i,y)'^V,l^/c(y))y 

9 ) 51 • • • a^ii (yV • • • yj^, \Rk {y)}y 



2, 

jl,---,jk=l 

ji-r-- Jfc = l 

= (^i?.(£). 

This means that the normalized harmonic part of the Fischer decomposition of 
(x, y) given by equation p.8p will satisfy the conditions which uniquely define Fk . 
We hence conclude that 

This can be calculated using the explicit form of the projection operators in equation 
(13:81) and the fact that S/fixJ)'' = jk^M^V)^^^^ , yielding 



LIJ 



/c!2"-'^(n-fc)!'-'- 

^ (2^)" (n-fc + 1)! fc! 

^ fc!2"-fe(n - fc)! 4Jj!(n - fc + 1 + j)! (fc - 2j)! 



- V2'=-2j7^n ("+ 1 ^ 7/^'=-2ig,2ig,2i 
- (fc-2j)!j!(n + l+j-fc)!^^'^^ 

which is the proposed formula. □ 
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The formula for Fk given in theorem l4.20l can be seen as a dimensional continua- 
tion of the purely bosonic case in formula (|2.7|) . The quotient of Gamma functions 
in the explicit expression of the Gegenbauer polynomials in (|7.2p (see Appendix) 
can be replaced by a Pochhammer symbol. This allows to define the Gegenbauer 
polynomials for a < —1/2. Inspired by equation (|2.7p we start from C*^~"~^-'(i) 
and calculate 

{-iVi-n l){-n) ■■■i-n-2 + k-j) 
L.^^ (-l)^(n + l)(n) ■ ■ ■ (n + 2 - fc + j) 

" ^„ ji{k-2jy. ^''> 

Lfc/2J 

^ (fc - 2j)!j!(n + 1 + J - ky. 



Comparison with (|4.3p then gives 



(-n-1) 




Remark 4.21. 7t ?s interesting to note that the reproducing kernel for spaces of 
harmonics is always expressed by Gegenbauer polynomials, in the case of orthogonal 
symmetry, finite reflection group symmetry as well as symplectic symmetry. 

Using the expression for Fj- , we obtain the following simplification of the Mehler 
formula 

n n—k 

J2J2{-iyj\{n - k - jyx';-"-\e')e^^^'^+'^^L'j-^^-\e^)Fk{x,y) 
k=i j=i 



= (^(l-e2*"))"exp 



1 - e 



2ia 



In the limit case a = ±tt/2 (corresponding with the classical Fourier transform) 
this formula reduces to 

Y^J\{n-k-Jy.L)—\e^){±^fL]—\el)Fu{x,y)eM ^) 

= (27r) exp±i(a;, y). 

Remark 4.22. By making use of the expression for the reproducing kernel, we 
immediately see that both the left-hand and right-hand side in the Mehler formula 
are invariant under the symplectic group Sp{2n), acting simultaneously on x and 
y. So we have indeed constructed a symplectic analog of the 0{m) -invariant Mehler 
formula. 
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5. Hermite polynomials for 0{m) X Sp{2n) symmetry 

5.1. Orthogonality of spherical Hermite polynomials and inner products. 

We start by introducing the canonical inner product on i2(K™) (E) A2,, by combin- 
ing the standard bosonic L2 inner product and the fermionic inner product from 
definition 14.41 

Definition 5.1. The inner product : L2(R™)m|2ri x i2(K"')„j|2„ -> C is given 
by 

where the star map acts on is in definition \4.3\ and leaves the bosonic variables 
invariant. 

This inner product is uniquely determined by demanding that the creation and 
annihilation operators of the harmonic oscillator are mutually adjoint. This is the 
subject of the following theorem. 

Theorem 5.2. The inner product is, up to a multiplicative constant, the 

unique inner product on P exp(— i?^/2) such that (a^)^ = and (bf)^ — bj , with 
Oj and bj the creation and annihilation operators appearing in the hamiltonian of 
the harmonic oscillator i3.21]) . 

Proof. The condition (a^)^ ~ af is equivalent to a;j — Xj and dj.^ — ~dxj. De- 
manding that {b^y = bJ for every j is equivalent to demanding 9t = Xj/2. These 
conditions are clearly fulfilled for Because these conditions determine the 

fermionic inner product flemma [4.9l) and the bosonic inner product completely this 
also holds for the full inner product □ 

As a consequence of this theorem, it is easy to compute that the set of functions 
v/A;i!...fc„j7r*^/2 

xia+)^^ia+r^ . . . {a+r-ibty^ . . . (6+ exp(-i?V2), 
with ki e N and Ij E {0, 1} is an orthonormal basis of V exp{— / 2) , i.e. 

{'4'ki,...,kmlh,---;hn J V'pi,...,Pm;9l,---, 9211)1 = ^kipi ■ ■ ■ ^k^Pm^hqi ■ ■ ■ ^hnq2n ' 

This basis should be considered as the super-analog of the cartesian basis {i/'^^ j,^ } 
introduced in the case of 0(rn) symmetry. 

The inner product also has several undesirable properties, namely 

• and are neither self-adjoint nor mutually adjoint 

• the spherical Hermite functions are in general not orthogonal 

• contrary to the purely fermionic case, the star map does not preserve har- 
monicity. 

Indeed, using corollary OO] we find (i?^)! = ^2 _ y2 ^^^^^ (y2)t = - 9^. This 
means for instance that 

(5.1) (-V^ - i?2 + 2E + M)t = (-Vg - + + Wj - 2E,, - m + 2Ef - 2n). 

This implies that the procedure, used in theorem l4.18l to prove the orthogonality of 
the spherical Hermite functions, is no longer possible. Moreover, an easy example 
shows that the spherical Hermite functions are indeed not orthogonal. 
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Example 5.3. We take the spherical harmonics H2 = 2xf — X1X2, Hq = 1 and 

form Li {R^)Hq = —R^ + M/2. By using equation \3.12\) for the purely bosonic 
and fermionic case we find 

~r'^ + 0^ + Vj-2Eb-m + 2Ef- 2n) exp(-i?V2) = cxp(-i?V2)(- + V^). 

Using this and equations (j3.9p . US. 1\) and equation p.l2p we obtain 

(i?2 exp(-i?V2)|4Lf cxp(-i?V2))i 
= {H2 exp(-i?V2) I (- - i?^ + 2E + M) cxp(-i?V2)> 1 
= ([(-V? + V2)ir2] exp(-i?V2)| cxp(-i?V2))i 
= (-8exp(-i?V2)|exp(-i?V2))i. 
Since (exp(— _R^/2)| exp(— i?^/2))i 7^ 0, these functions are not orthogonal. 

However, it is still true that the hamiltonian H of the harmonic oscillator is 
hermitian. The spherical Hermite functions are eigenvectors of this operator, see 
()3.22p . Hence, the spherical Hermite functions belonging to different eigenval- 
ues are still orthogonal. In the example, we see that both exp(— i?^/2) and 

-M — 1 

{R^)Ho exp(-i?V2) have eigenvalue M/2 + 2. 
We can make this partial orthogonality even stronger. 

Lemma 5.4. With {-ff^''"*} the basis in formula (j2.5p forH^ and {ij/^'''} the basis 
in formula (14. ip forTi^, one has 

{Lp''+'+^-\R^)f,,,,^Hf^Hf^''^ eM-RVmf^'''^'^''~\R')fu.t,.H^^^^Hf^^ exp(-i?V2))i = 
unless k — t,p^v,l~w,q = z and j + i = s + u. 

Proof. Recall that the inner product is a combination of the known bosonic 

and fermionic inner product. Hence, using corollary 14.191 and the orthogonality of 
(bosonic) spherical harmonics over the unit sphere, it follows that the integral is 
zero unless k = t, p — v, I = w and q = z. The self-adjointness of the hamiltonian 
of the harmonic oscillator then implies 2j + 2i + k + p = 2s + 2u + t + v, from which 
we obtain j + i — s + u. □ 

As a corollary we obtain the following decomposition of exp(— i?^/2). 

Corollary 5.5. With respect to (-I-)!, the space exp(— i?^/2) decomposes in mu- 
tually orthogonal subspaces of dimension at most n + 1, spanned by the spherical 
Hermite functions. 

Proof. This follows from lemma [5^ together with the fact that for given e "H^. 
and e Hj, there are at most n + 1 polynomials fi,k,p (see theorem 13. 9p . □ 

Finally, another problem with the inner product is that, contrary to the 

purely fermionic case (see lemma 14.151 (m)). *i?fc exp(— i?^/2) with Hk G Hk will 
not always be an element of "H^ exp(— _R^/2). This problem occurs for spherical 
harmonics of the form fk^p^qHpH^ with fc > (see theorem 13. 9p . It is however 
possible to introduce a new inner product on exp(— _R^/2), which makes the 
spherical Hermite functions orthogonal and also solves the other problems. 

From now on, we will always assume M > 0. At the end of the section we 
will explicitly show that the following constructions are not possible for M < (see 
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theorem l5.17p . The assumption AI > means that we have a Fischer decomposition 
p.7p and that the spherical Hermite polynomials constitute a basis for V. 

The orthogonality of the bosonic spherical Hermite polynomials depends on two 
facts. The spherical harmonics are orthogonal with respect to integration over the 
unit sphere and the radial part (given by Laguerre polynomials) is orthogonal with 
respect to the radial integration. Therefore, our first aim is to construct an inner 
product for the spherical harmonics using integration over the supersphere. We 
start with a few technical lemmas. 



Lemma 5.6. For the polynomials fk.p.q introduced in lemma [X5l £ and 
e 'H^, the following algebraic relation holds 

fk,pJr^,9^)H'^Hf = {-ifak^p^yH'pHf mod i?^ 

,mfh n, - r(Af/2+p+g+2fc-l) 
WIUL Uk,p,q — r(M/2+p+g+fe-l) ■ 

Proof. To calculate ak.p,q explicitly we start from 

k 

fk,p.qH'pHf EE ^ a^r'"-^^ {-r^H^pHf mod 

which leads to 

_nf+P + '^)^, ,^k-sfk\ {n-q-s) 



{n-q-ky. ' \sjT{f+p + k-s) 

and the result follows from lemma 15.71 □ 
Lemma 5.7. For G N, /i G M and fi > ly the following relation holds 



s=0 



3 J T{p + fc - s) T{^i-u + k- 1) Tin + k) ' 



Proof We denote c{;,, = ^^^^(-1)'=-^ (^^) jJil^. Then c% = i.!/r(/i) holds 
and for fc = 1 we find 



'"■^ - rOi + i)+ r(^) "r(M + i)^^ 
r(^-z/ + i) {jy-iy 



Tip-,.) r(M + i)- 



From the definition of ^ we calculate 



. s J T(ii -\-k- s) ^ ~ 1/ r(// ~\-k- s) 



s=0 



s yr((/i + i) + fc-i-s) 

k-l\ (jz-s-l)! 



s=0 

„k-l I „k-l 



s jT{fi + k-s-l) 
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Since fj, — ly + 1 > 0, this implies that, if the lemma holds for k — 1, then 



T{p-iy + k-l) Tip + k) 
Tin- v + 2k -2) {v-ky. 
T{fi-v + k-l) r(^ + fc-l) 
T{fi - v + 2k - 2) [v-ky 



+ 



- V + k - I) T{^i + k) 
T{^l-v + 2k-l) {v-k)\ 



{fi + k-l-{iy-k + 1)) 



T{n - V + k - I) T{fi + k)' 
so the lemma is proven by induction. □ 

We will also need the following result. 

Lemma 5.8. For every k E N and a E R 

j2i-ir(''){a-s), = k\ 

s=0 

with (a)k — a(a + 1) • • • (a + fc — 1) the Pochhammer symbol. 

Proof. We prove this lemma again by induction. For k — 1 the lemma is trivial. 
We will use lemma 5 in 14: which states 

(5.2) ^(-irf^)(a-.).._i=0. 



From the definition we calculate, using (|5.2p . 

^(-irQ(a-s), = ^(-ir(^J)(a-s + fc-l)(a-s),_i 

6=0 

fe 



s=l 



Y-/ 1^s {s + l)k\ 



'k-l 



s=0 



so the lemma follows by induction. □ 

Now we have all the necessary tools to prove the following lemma. 
Lemma 5.9. For {iJp*-'-*} the orthonormal basis ofH^ in formula (12. 5p . {Hq^*^} 



the orthonormal basis of in equation (j4.ip and fk,p,q «s defined in lemma [S". 
the following relation holds 



ss 



f, fTb{h)TTf{ti) r rrbih) fTf{t2) 

Jk,p,q-^-^p ^^q Jk,p,q^^p ^^q 



(_,.k klVj^+p + k) 

^ ^ if +p + q + 2k-l)Tif+p + q + k-l){n-q-ky. 
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Proof. Lemma 15.61 implies there exists a polynomial P of degree 2k + p + q — 2, 
such that fk,p,qH^Hf = {-!)'' Ok.p.qr^'' H^H f + P. Since M > 0, P has a Fischer 
decomposition containing only spherical harmonics of degree smaller than or equal 
to 2k + p + q — 2. The orthogonality of spherical harmonics of different degree and 
the property /^^ R^f — Jgg f then imply 



ss 



SS 



^4k-2s g2s jjbih) jjbih) Jjfiti) ^f{t2) ^ 
SS P P 1 1 



Using expression (j3.19p for the supersphere integration, we then obtain 



k 

(-l)''afe,p,g V'fls / da 



^1) 



n—q—sn2n—2q—2s 



s™-i Jb (n-q-sy. 



X 



s=0 
o \ n—q~s 

\ Ak-2s+m-2n2s TTb(h) rTb{h) rrfiti) TTf{t2) 

Q^2 J " ^^p ^^p ^^q ^^q 



r=l 



St 



tlt2 



(n — q — sy. 



n \ n—q—s 

^ ^2{2k-s+m/2+p-l) 

Qj.2 



(-1) di,i,dt,t2ak,p,q (^^_q_,)ir{2k-s+f+p-n + q + s) 



k,_ _ , ak,p,q r(f+p + fc) 

r(2fc+f + (n-q-ky 



2 

k 



X 



s=0 ^'^^ 



r(f +p + fc-s) 

= {—lYSl^l^Stiti ^k,p.,qbk,p,q- 

Lemma 15.81 implies 

, fc! r{f+p + k) 

^ ' T{2k+f+p + q) {n-q~ky 

Substituting ak^p^q from lemma [?751 yields the desired result. □ 

Now we introduce the following isomorphism T : Hk ^ 'Hk given by 

TiHk) = (-l)7^.-2,-„■(r^02)i^^2.-,J^/, 

for Hk = Ak-2^-J,J{r^9^)Ht2^-X ^it^^ ^t2.-, e nl_,,_^, i?/ e and 
extended by linearity to the whole of Hk ■ 

Remark 5.10. Using lemma \J7^ it is straightforward to prove that for A G 0{m) x 
Sp{2n) 

ToA^ (G^AG) o T 
holds, with G given in equation p.Sp . 
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Using the isomorphism T we can construct a new inner product on Hk exp(— i?^ 

This is the subject of the foUowing theorem. 

Theorem 5.11. Piti "H = '^fc = ^er n T'. The product {].) : Hexpi-R'^ /2)x 

'Hexp(-i?2/2) C given by 

(ffiexp(-i?V2)|i/2exp(-i?V2)) - / ffiTX^ exp(-i?2) 

with Hi, H2 £ H is an inner product on "H exp(— i?^/2) satisfying 
(Hfeexp(-i?V2),H/cxp(-i?V2)) = 

ifk^l. 

Proof. The product is clearly linear. It is positive definite since 

{{Up.gK ^9) exp(-i?V2), {f,.,r,sHt (E> Hi) exp(-i?V2)) = 
when {i,p,q) ^ {j,r,s) (see theorem [31101) and {fi^p^qH^Hf\fi^p^qH^Hf) > (see 



lemma [5T9)) . Moreover, lemma 15791 also implies the inner product is symmetric. □ 

This inner product can now be extended to the whole space using decomposition 
(ETl). 



Theorem 5.12. The product (.|.)2 : V expi-R"^ /2) x exp(-i?2/2) C given by 
{R^'Hk exp{-R^/2)\R^'Hi exp(-i?V2)>2 = / R^'+^' HkT{Hi) exp{-R^) 

with Hk G Hk, Hi G Hi and extended by linearity is an inner product. 

Proof. The product is clearly linear and symmetric. Using p.lSp and theorem 1 5. 11 1 
we subsequently obtain 

{R^'Hk exp{-R^/2)\R^^Hk exp(-i?V2))2 



ss 



^i+2+2k+M_'^ 
Y ^ 2k+Ar \ 



2 

> 0. 



/ HkT{Hi) cxp{-R^) 

JR'"|2" 



Hence (.|.)2 is positive definite and defines an inner product. □ 

The behavior of the inner product with respect to 0{m) x Sp{2n) is given by 
Lemma 5.13. For A e 0{m) x Sp{2n) and for f,g £ exp(— i?^/2), with action 



on superfunctions as defined in formula \3.b\ the relation 

{Af\9) - {f\A^9) 

holds. This implies = for all A G 0{m) x Sp{2n) and is equivalent with 

{AGflGAgh = (/|5>2, 
with G given in equation (|3.5p . 

Proof. The proof is similar to the proof of proposition 14.171 Remark 15.101 and the 
0{m) X S'p(2n)-invariance of J^m\2n (see lemma lead to the proposed formula. 

□ 
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The inner product of theorem 15.121 can be written more concisely as 

(/l.9)2=/ /TXff), f,geVexp(-Ry2) 

by extending T to V exp{~R^ /2) such that 

T{R^'Hi exp(-i?V2)) = R^'T{Hi) exp(-i?V2), Hi G Ui. 
So r is now a map exp(— i?^/2) — > T' exp(— _R^/2) satisfying 

T(if +''"'(i?2)i/Wexp(-i?V2)) = +''"'(i?2)T(ijf )exp(-i?V2). 

It is clear by construction that T preserves harmonicity. Now we can show that 
(.|.)2 also satisfies the other desirable properties that did not satisfy. We start 
by proving that R^ and are self-adjoint. 

Lemma 5.14. One has 

(V2)t = 
(2E + M)^ = -(2E + Af) 
wi</i respect to the inner product (.|.)2 on 7'exp(-i?2/2). 

Proof. The proof of the first property is trivial. The second property is obtained 
as follows. Because of lemma 14.121 we know that 



Using lemma 13.51 and equation (|3.1ip we obtain that for every piece of the Fischer 
decomposition 

T(V2i?2Ji/^exp(-i?V2)) 

= T([ci,,- + R^i+^Hk + (4j + 2fc + M)R^'Hk] exp(-i?V2)) 

= [ci j,fei?'^'-2 + + (4j + 2fc + M)R^J]T{Hk) exp(-i?V2) 

= V2i?2JT(i7fe)exp(-i?V2) 

= V2T(i?2^.fffcexp(-i?V2)), 

with iJfc e "Hfe. Combining these two results yields the second property. Finally, 
the result for 2E + M follows immediately from equation p.4p . □ 

To show that the spherical Hcrmite functions are orthogonal, we first need an 
orthogonal basis of spherical harmonics. The knowledge of orthonormal bases for 
the bosonic and fermionic harmonic polynomials suffices to find an orthonormal 
basis {nj^'^j for the space Hk, satisfying 

(5.4) / i/fr(<))=4,<5;,.. 

Jss 

Indeed, using the bases in equations p.5p and (|4.ip . it is easy to check that 



( f TtKI) TTf(t) 

< , _ \^ mm(n,fc - 1) - 1, 

k ~ j 

<i< min(n - j, L^^^J ) 
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with I < dimH^_2j_j- and t < dim'Hj is an orthonormal basis for 7ik- 
For this basis of spherical harmonics {H^!^} the following theorem holds. 

Theorem 5.15 (Orthogonality spherical Hermite functions). The set of functions 
{ipj^k.i} formula (|3.9p . constructed using the basis of spherical harmonics in 
formula (|5.4I) . forms an orthogonal basis for V exp{—R^/2) with respect to the inner 
product (.|.)2- The normalization is given by 

(5.5) {'fj,k,l\'Pp,q,r}2 = ^4^-'j!r(j + k + M/2)5jpdkq5lr = J^k^jpSkqSlr- 

Proof. This result is proven with the same technique as in theorem 14.181 using the 
results we obtained in lemma 15.141 □ 

Note that the normalization constants only depend op the super-dimension M 
and not on the bosonic and fermionic dimensions separately. In particular this 
implies that the normalization constants are equal to the case with M bosonic 
variables (and no anti-commuting variables). 

Both the inner products and (.|.)2 have their own advantages. The hamil- 
tonian of the harmonic oscillator i(— + R^) is hermitian for both. For the inner 

product we even have {afY — af and {bfY — bj or equivalently = Xi 

and 9t = Xj/2. However, for the inner product (.|.)2 we have (i?^)^ = and 
(V^)^ = V^. This is of major importance to study other potentials in superspace, 
such as anharmonic oscillators. Using (.|.)2, they still have symmetric hamiltonians. 
That is why we will study the extension of (.|.)2 from Vexp{—R^/2) to the super 
Schwartz and L2-space in a forthcoming article. 

We end this section with two no-go results. First, it is not possible to construct 
an inner product which has the advantages of both inner products (.|.)i and (.|.)2- 
This is the subject of the following theorem. 

Theorem 5.16. There is no inner product on V exp(— i?^/2) for which {R'^Y = R^ 
and {r^y = r^ . 

Proof. {R'^y = R^ and {r"^)^ — r^ imply that (0^)^ = 6^. This is impossible because 
of the same reason as in theorem 14. Ill □ 

We have only found an inner product with the property that (i?^)^ — R^ and 
(V^)^ = for the case M > 0. Now we will show that such an inner product 
does not exist in case M < 0. We also prove that (for all M) there does not exist 
an inner product with the properties of the purely fermionic inner product (see 
corollarv l4.10p when m 7^ 0. 

Theorem 5.17. There is no inner product on V exp(— i?^/2) for which (i?^)^ = R^ 
and (V^)^' = in case M <0. 

There also does not exist an inner product with the properties {R'^Y = — V'^ and 
(V^)^ = —R^ for arbitrary M with m ^ 0. 

Proof If {R^y = R^ and (V2)t = V^, using equation we obtain that (2E + 
My = i([V^,i?^])^ = -(2E -I- M). So assume there exists an inner product 
satisfying these properties for M < 0. Then we can calculate {fj^k,i\^j,k,i) using 
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(f3l2l) and ([3l0| . yielding 

= {^j-i^kAi-R" - V2 - 2E - M)ipj^k,i} 
= 8j(2j + M + 2k- 2){ipj^i^k,i\v>i-i,k,i)- 
Now in the case M < we can choose k = and j small enough, but larger than 
zero, to make the factor 2j + M — 2 negative. This means that either (<Pj,o,i Iv'j.o.i) 
or 0,1 |</5j-i,o,i) is negative, proving that the inner product is not positive 

definite. If M = we find that ('Pi.o,i|'/5i.o,i) = 0; proving again that the inner 
product is not positive definite. 

If, on the other hand, (i?2)t ^ ^^^^ (-y2)t ^ _^2^ y.^^^ ^^lat (2E+A/)t = 
i([V^, i?^])^ = (2E + M) and we obtain in a similar fashion 

{ipj.k.i\Vj.k,i) = -8j(2j + M + 2k- 2){ipj^i,k.i\(pj-^i,k,i)- 

Now for the case where j and k are big enough we find that either {(pj,k,i\fj,k,i) or 
{ipj-i^k,i\^j-i,k,i) has to be negative. □ 

5.2. Mehler formula. We are now able to establish a Mehler formula for the 
super spherical Hermite polynomials when M > 0. We start from the basis {^Pj.k.i} 
considered in theorem 15.151 Normalizing this basis, according to formula (|5.5p . 
yields 

(l)j.k.i = Vj.k.il^Jl^k^ 

which is an orthonormal basis with respect to (-I-) 2- Using the integral expression 
for the inner product (.|.)2, the basis {4>j^k,i\ and the general fractional Fourier 
transform (see theorem 13. 6p we obtain that, formally, 

:r(fe/.,,)(x)e""«+«fefc,(y) 



Using the explicit expression for the spherical Hermite polynomials in terms of 
Laguerre polynomials (see p.9p ) and the normalization ()5.5p wc then find 



Lf^'-\R^)Lf+'-\Rl)T{H'i\^)H'i\y) 



(.(l-e-))-/%xp.^^'"<^'^^-^^^"(^^ + ^- 



This equation can be simplified again for M > 1 with the explicit calculation of 
the summation Ffc(x, y) — J2i'^i-^ki^))^kiy)- These functions Fk were already 
constructed in [19) as a consequence of a Funk-Hecke theorem on the supersphere. 

Lemma 5.18 (Reproducing kernel). Let M > 1. Then 

G,fx v) - 2fc + M-2r(M/2) ^(m-2)/2., 

with C^^^ ^•'^^ a G eg enbauer polynomial, is a reproducing kernel for the space "Hfe, 
i.e. 

f i7,(x)Gfe(x,y) = SkiHiiy) mod (^ - l), for all Hi e Hi. 

JSS.X 
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Proof. See [19], corollary 5. We have rewritten the Legendre polynomials used there 
in terms of Gegenbauer polynomials. □ 

Making this function homogeneous, using equation p.l8|) and the fact that 
/ss^'^ = /ss^ yields 

2fc + M-2r(Af/2) , , (M-2)/2 / (x,y) \ ^ 



2 JsS,x ,/i?2 



r(fc + M/2) 
= Oki ^ Hi{y). 

Hence we conclude 

dim'Hk 



ft(x,y) = ^ r(ijf (x))i?(.')(y) 



1=1 

2fc + M-2r(Af/2) ,„2^2^(fc/2)^(A^-2)/2 / (x,y) 



(i?2i?2)(/c/2)^(Af-2)/2 



M- 2 27rW2 ^ Wi?2i?2)(i/2) ; 

for a basis of "H^ as in equation ()5.4p . Putting everything together then yields the 
following Mehler formula in superspace 

(5.6) = (7r(l-e2^")) ^ exp ^ 



1 - e2»" 

So far, we have only established this formula formally. We now show that we have 
actual convergence. 

Theorem 5.19. For x,y e K'", a G M and M > 1, the series in equation 115. 6\) 
converges pointwise. 

Proof. Both sides in equation (|5.6p are functions of (x, y), and Ry. This equa- 
tion can therefore be written as 

^gj,k{{^,y),R^,Rl)=g{{^,y),R^,Rl). 

As the functions gj^k are polynomials in (x, y), and Ry, they can be written as 
a Taylor expansion in the ant i- commuting variables 

n 2n 0^P0^,Vx,yy 

<7,.((x,y),i?^i?J) = 



n\q\rl 
p,g=0 r=o ^ ^ 
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with a'^ = r^, = Vy and c = (x, y). This also holds for 

g((x,y),i?2,4) = (vr(l-e2»)) ^ exp ^ \ _ ,2.a 

= (7r(l — e jj exp — 

X exp ^- — 

1 — e 

From corollary 12.21 we find 



1 - e2*" 
2) 



Remark 12.31 implies that arbitrary derivatives with respect to c, and 6^ can be 
brought inside the summation with the convergence still holding. So we can take 
the Taylor series of both sides and the theorem is proven. □ 



6. Conclusions and summary 

In this paper, we have given a detailed treatment of Hermite type polynomials 
related to three different symmetries: 0{m) (orthogonal symmetry), Q < 0{m) 
(finite reflection group symmetry) and 0{m) x Sp{2n) (superspace symmetry). In 
each case, it was possible to define two types of Hermite polynomials, namely 
cartesian Hermite polynomials and spherical Hermite polynomials. In the cases 
of 0(m), Q and Sp{2n), both types of polynomials turned out to be orthogonal 
with respect to the canonical inner product. In the full superspace case of 0{m) x 
Sp{2n), we obtained that the spherical Hermite polynomials are not orthogonal 
with respect to the canonical inner product. We presented a detailed analysis of 
this lack of orthogonality. Then we gave a construction of a new inner product, 
which restores the orthogonality of the spherical Hermite polynomials but destroys 
the orthogonality of the cartesian Hermite polynomials. 

We have summarized all these results in two tables. In Table [1] we give an 
extensive overview of the different types of symmetry and compare their analogies 
and differences. For the superspace case, the purely fermionic {Sp{2n)) case is given 
in a separate column. In Table [2] we restrict ourselves to the full superspace case 
and give a comparison between the two inner products that we have considered. We 
give the adjoints of the relevant operators as well as the differences in orthogonality 
of the two types of Hermite polynomials. 

As already mentioned, the inner product we have constructed in section fS. II has 
only been defined for a weighted space of polynomials. It is possible to extend this 
inner product to broader function spaces, such as iS(R™)m|2n- As this is a technical 
matter requiring subtle estimates, we postpone this to a subsequent paper (see [S]). 

The results obtained in this paper allow to study several other interesting prob- 
lems in the future. 

First of all, as we now have a new inner product on superspace that makes 
hamiltonians of the type 

H = -^V^ + y(i?2) 
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self-adjoint, we can make a thorough study of such systems and the related Schrodinger 
equations. This should allow to shed new light on the results obtained in e.g. [321157] 
and to put them together in one theory. 

In |18| we also introduced a second class of polynomials in superspace, namely 
the spherical Gegenbauer polynomials. It is expected that the results obtained here 
in combination with the new view on supersphere integration given in [10,1 will allow 
to obtain orthogonality properties of these polynomials on the superball. 

Next, the obtained Mehler formulas in superspace should allow to study the 
radial behavior of the super Fourier transform and its relation with the classical 
Hankel transform. More generally, we have now the tools available to make a 
complete study in superspace of the holomorphic semigroup 



in the sense of [35l[39]. Note that the choice z — in /A leads to the super Fourier 
transform (see formula p.isp ). 

Another important direction for further research is in the context of radial defor- 
mations. The study of such deformations has recently arisen as a new and exciting 
topic in harmonic analysis. In the orthogonal situation, one special radial deforma- 
tion has been studied in |42j |43] . The Dunkl case has been considered in [5j . There, 
the authors introduce a radial deformation parameter in the 5(2 relations satisfied 
by the Dunkl Laplacian and make a detailed study of the related analysis. Very 
recently, an even more general radial deformation in the context of Dirac operators 
has been realized in [T7] . It is expected that also the superspace representation of 
SI2 (as well as its Dirac counterpart given by osp(l|2)) can be radially deformed, 
i.e. that it would be possible to replace the super Laplace operator and by 
radially deformed operators in such a way that the s[2 relations are preserved. It 
would be very interesting to see to what extent the theory of radial deformations 
can be established in the setting of superspaces and whether the Hermite polyno- 
mials related to these new deformations have similar orthogonality properties as 
established in this paper. 

Finally, Table [T] suggests that there is a type of symmetry missing in the current 
scheme. This is the case of a realization of SI2 which is only invariant under a (finite) 
subgroup of Sp{2n), thus establishing the symplectic counterpart of the theory of 
Dunkl operators. It is at this point not entirely clear whether such a deformation is 
feasible in all generality in the framework of superspaces, but it would give a very 
satisfying unifying picture. Note that in the special case of a superspace with 2n 
commuting and 2n anti-commuting variables, so with invariance 0(2n) x Sp(2n), 
one has already established analogs of various Calogero-Sutherland systems (see e.g. 
[5S1IH1HS]). Although the hamiltonians considered in those papers don't contain 
the fermionic Laplace operator Vy, contrary to formula (|3.20p . this still hints at 
possible generalizations to the non-supersymmetric case. 



The Hermite polynomials Hk for fc e N are defined by their Rodrigues formula 
as Hk{t) = (—1)*^ exp (t^)-^ exp (— t^) and are given explicitly by 



g2:(-V"+fl^)^ 



zeC,nz>0 



7. Appendix 



Lfc/2J 












iii.li n uj.JCi n|Jrtr_.c 


Basic function space 
Generators of SI2 

Dimension 

Spaces of harmonics 
Reproducing kernel 


i2(M'») 

Eb + f 
m 

nt = ker:VlnPoh 

j^(m-2)/2 


L2{M."^,w^{x)dV{x)) 
= kerA«nPo«fc 


E/-n 
-2n 
= kerV^nA|„ 


L2(K"')8A2„ 
V2 = + V} 
ij2 = + 

M = m - 2n 
% =kerV2nn 

p(M-2)/2 


Related quantum system 
Fourier transform 

Integration 


i(_V2+r2)V> = £;»/' 
PDE 

(2T)-t e-'<^-y'>f{x)dV{x) 
Lebesgue integral 


PDE + difference terms 

c^^ /mm -iy)f {x)w^{x)dV{x) 
D{x, —iy) in general unknown 
weighted Lebesgue integral 


system of algebraic equations 
(2'r)"/B,,exp(-»(x,^))/(x) 

{£,y> = -hJl%i{x2j~iy2j - X2jy2j-i) 

Berezin integral 


i(-V2 + R'^)^ = Ei, 
system of PDEs 

(27r)-* /,j„|,„ exp (-j(x, y»/(x) 
(x,y> = (x,y> + (x,y) 


Cartesian Hermite functions 

Energy 
Spherical Hermite functions 

Energy 


'I'lk.i 

f + (2i + fc) 


l + kl 

^ + (2i + fc) 


-n + (2j + fc) 


'/'ltl,...,fcm;il,...,l2n 

<l>j,k,l 

f + (2j + fc) 


Canonical inner product 
Orth. cartesian Hermites 


iJl, 

= ■ • •4,„I„ 


= 5^1/ 


(/|9>A,„=L/(*S) 

('/'/,,.. .,i2„'V'i,...,„„>A2„ 

= (5ij<,j ■• -Siangan 


(/l9>i = /m".|2" 

(V'fcl,...,*:m;il,...,i2„.'/'pi,...,P„i9l,...,«2„>l 
— ^kipi • • • ^kntPm^hqi • • • ^hnq2n 


Orth. spherical Hermites 








¥=^hj2^kik2Shh 



1 



> 

I — I 

3 
> 



CD 



Table 2. Inner products in the full superspace case (M > 0) 



Inner product 


(/l.9)i = /r™|2„ 


{f\g)2 = /k™|2„ mg) 


Function space 


L2(R'")«)A2„ 


Pexp(-i?V2) 


Adjoints: 

(V2)t 

V ' 2 / 
ift = l(_V2 + i?2)t 


Ef - Eh - ^ - n 


? 
? 

-(E+ ^) 
i(-V^ + i?2) 


Orth. cartesian Hermites 


{'4'kl,...,km;h,---,l2n I V'pi,...,Pm;qi,---iQ'2n)l 
~ ^/sipi • • • ^kmPm^liqi ■ • ■ ^l2nq2n 


(V'fcl,...,fem;(l,.--i'2n) V'pi,.--,Pm;gi,---,92n)2 
7^ '^/sipi • • • ^/SmPm ^iigi • • • ^l2nq2n 


Orth. spherical Hermites 


{4>ji.ki,h ' 4>j2,k2-l2)^ 
¥^^3i32^kik2^lil2 


{4>n.kuh^'PnM,i2)'2 

^jlj2^klk2^lll2 
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They satisfy the orthogonahty relation 

/oo 
-oo 

The generahzed Laguerre polynomials L^"-* for fc e N are defined as 



and satisfy the orthogonality relation (when a > — 1) 



^ j!(A:-j)!r(j + 



'r4")(t)L[")(t)exp(-t)di = 



The Hermite polynomials can be expressed in terms of the generalized Laguerre 
polynomials by 

i/2fe(t) - (-l)'22'=fc!4"^\i') and H2k+i{t) = {-lf2''''+^k\tL^}\t^). 

The Gegenbauer polynomials C^"-* [t) are a special case of the Jacobi polynomials. 
For fc G N and a > —1/2 they are defined as 

and satisfy the orthogonality relation 
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